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Abstract 

In this paper, we study the properties of closure operators obtained as initial lifts along 
a reflector, and compactness with respect to them in particular. Applications in the areas of 
topology, topological groups and topological *-algebras are presented. 

1. INTRODUCTION 

Throughout this paper, X and 21 are finitely-complete categories with proper (£,JA) and (J 7 , J\f) 
factorization systems, respectively (cf. ifTTl 7.2]). For IgI, the class Ai/X of subobjects of X 
is preordered by the relation m < n -<=>- (3j) m = nj, and denoted by sub X. 

A closure operator with respect to M. is a family c = (c x )xex of maps c x ■ sub X — > sub X 
such that m < cx(rn), Cx(rn) < Cx(n) if m < n, and f(cx(m)) < cy(/(m)) for all /: X — > Y 
in X and m, n E sub X (cf. |5 1). The term "closure operator" has been used for almost a century 
in various meanings in the context of categories of topological spaces and lattices. However, this 
(general) categorical notion of closure operators was invented by Dikranjan and Giuli [6|, and was 
further developed by Dikranjan, Giuli and Tholen in [8|. Following 0, an object X E X is said 
to be c-compact if for every Y E X, the projection ny ■ X x Y —> Y is c-preserving, or in other 
words, if iXY(cx{m)) = cy(7Ty(m)) for every m E sub(X x Y). 

If F H U : 21 — > X is an adjunction with unit i], and c is a closure operator of 21 with respect 
to J\f, then one defines the F -initial lift of c as 

4(m) ^^(^(Fm)) (1) 

foreveryX E X,m e sub(X) (cf. 05.13]). The morphism Fm need not belong to A/, so in order 
to ensure that © is defined, one extends the notion of closure as CFx(Fm) = CFx((Fm)(lFM)) 
(cf. 5.7]). 

In this paper, we study the special case of this construction where 21 is a reflective subcategory 
of X with reflector F = R and reflection 77 = p. We provide a characterization of c p -compact 
objects in X under certain conditions (Theorem 12.71) . and applications in the areas of topology, 
topological groups and topological *-algebras are presented We also investigate the categorical 
properties of c that are inherited by c p . 
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The paper is structured as follows: We start off with an investigation of the properties of lifted 
closure operators in section|2l with an emphasis on compactness with respect to them. In sectional 
we show that the notion of w-compactness (introduced by T. Ishii in Il2"3*l0 is equivalent to being 
compact with respect to the initial lift of the Kuratowski closure operator on Tych (Tychonoff 
spaces and their continuous maps) along the Tychonoff functor r: Top — ► Tych. In section HI 
the Bohr-closure c b for topological groups is presented as the initial lift of the Kuratowski closure 
along the Bohr-compactification, and Theorem 12.71 is used to characterize Cfc-compactness. The 
Bohr-closure also turns out to be a convenient example to show that certain properties are not pre- 
served by the initial lift along a reflection. Finally, in section|5l we prove that the * -representation 
topology on topological *-algebras is an initial lift of the Kuratowski closure along a suitable re- 
flection. 



2. PROPERTIES OF LIFTED CLOSURE OPERATORS 

In this section, we present results of a positive nature, in other words, properties that carry over 
from c to c p . Counterexamples, which show that certain properties are not inherited by c p , appear 
later on. 

As stated in the Introduction, 21 is a reflective subcategory of X with reflector R and reflection 
p, and thus © becomes 

c p x (m) := p^}(c RX {Rm)). (2) 

It can be shown that J\f C Ai and RE C T (cf. J5J 5.13]), so in order to avoid confusion, we put 
subat A for the class of subobjects of A £ 21 in 21 (i.e., M j A) when necessary. 

It was observed by Baron [1] that every reflection decomposes into two epireflections. Using 
the same idea, we factorize R as an ^-reflector followed by an epireflector: For every X £ X, 
one can factorize the reflection as px = PjcPx* where p x e£ and p^ 1 £ Ai, and put R £ X 
for the codomain of p e x . Obviously, R £ X belongs to 23 = {S £ X | ps £ Ai}, and 23 is the 
^-reflective hull of 21 in X (naturally, with reflector R £ and reflection p £ ). Furthermore, p M is 
an epimorphism in 23, so 21 is an epireflective subcategory of 23 with reflector R M = R\ , and 

I SB 

R = R M R £ . Since 23 is ^-reflective, it inherits from X a proper M<b) -factorization system, 
where £<s = £ (1 mor 23 and M%, = Ai D rnor 23. 

Remark 2.1. One says that m £ subX is c-dense if c x (rn) = l x . Every S £ 23 is c p -dense in its 
reflection RS, because c^ 5 (p 5 ) = p R l(c RS (Rps)) = c RS (l RS ) = 1 RS . Thus, for every X £ X, 
Px has a c p -dense image in RX. 

Proposition 2.2. Let c be a closure operator on 21. For every X £ X and m £ sub X, the class 
C := {p x 1 ( c Rx( n )) | m < P^i 12 )' n e SUD 2t} nas an infimum and f\C — c x (m). 

PROOF. Clearly, c x (m) £ C, because pxim) < (Rm)(l R M)- On the other hand, if m < p x l { n ) 
for n £ sub a , then px{m) < n, and thus (Rm)(l R M) < n; in particular, c R x(Rm) < c R x{n). 
Therefore, c^(m) is a lower bound to C. □ 

A closure operator c is idempotent if CA(cA(m)) = CA(m) for every A £ 21 and m £ suba A 
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Proposition 2.3. Let cbe a closure operator of 01. If c is idempotent, then so is c p . 

PROOF. Let X £ X and m £ subX. Clearly, {Rp x 1 (k))(l R ^ KxRxX )) < k for every 
k £ subgt-RX, so for k = CRx{Rm), the image of Rp x l {c R x{Rm)) is contained in c R x(Rm). 
Since c is idempotent, we obtain: 

c x( c x( m )) = P x 1 ( c Rx(RPx 1 ( c Rx(Rm)))) (3) 
< P x \ c Rx(cRx(Rm))) = p x l (c RX {Rm))) = c p x {m). (4) 

Therefore, c x (m) = c x (c x (m)), because c x is extensive. □ 

One says that a closure operator c is (finitely) productive if for every (finite) family {Ai} i& j of 

objects in 21 and their subobjects rrii £ sub^ A,, crj ^(11 m «) = 11 c AX m i)- 

mi iei 

Proposition 2.4. Suppose that T is {finite) productive, and let cbe a closure operator of 21. If c is 
(finitely) productive and R preserves (finite) products, then c p is (finitely) productive. 

PROOF. Let {Xi} ie j be a (finite) family of objects in X, and let m 8 £ subXj be their subob- 
jects. Put X = Y[ Xi and m = Yl m i- Since R preserves (finite) products, px = Yl Px t and 

iei iei iei 

Rm = n Rrrii, and one has (Rm)(l RM ) = Yl(R m i){^RMi)^ because T is (finitely) productive. 

iei iei 
Therefore, we obtain 

4(m) d = f p x \c R x{Y[ Rm,)) = (J] PXtYKYl cnx^RmA) (5) 
iei iei iei 

= II P~x) ( c Rx t {Rmi)) = n c Xi ( m i) > (6) 
iei iei 

because c is (finitely) productive, and limits interchange with each other. □ 

For A £ 21, a subobject m £ sub a A is c-closed if c^m) = m. One says that A is c-separated 
(or c-Hausdorff) if the diagonal : A — > A x A is c-closed in A (cf. 4.1]). 

Proposition 2.5. Le? cbe a a closure operator of 21. For X 6 X, suppose that (a) i?X Z5 c- 
separated and (b) pxxx = Px x Px- Then X is c p -separated if and only if px is a monomorphism. 

PROOF. Using the assumptions, one can easily see that 

c xxx($x) = P x 1 xx( c R(XxX)(R$x)) = {px x px)~ 1 {.c R xxRx{.5 RX )) = {px x PxY 1 (5rx)- (7) 
This simple computation shows that c p XxX (5x) is precisely the kernelpair of px- □ 

We turn to characterizing the c p -compact objects, and to that end, until the end of this section, 
S is assumed to be pullback stable. 

Proposition 2.6. Let cbe a closure operator on 21. If X £ X is c f '-compact, then: 
(a) R £ X is c p -compact; 
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(b) if RX is c-separated, then px G £ and RX is c-compact. 

PROOF. Since £ is pullback stable, the image of any c p -compact object under a morphism is 
again c p -compact (cf. 5.2(3)]), and thus (a) follows. In order to show (b), notice that R £ X is 
enclosed in RX (cf. 5.2(2)]), because RX is c-separated. On the other hand, R £ X is c p -dense 
in RX (RemarkO), and therefore R £ X = RX. □ 

For X G X, we say that R preserves products with X if pxxY = Px x Py for every F G X. 

Theorem 2.7. Suppose that T C £ . Le? c be a closure operator of 21, and fe( I G I Tjf -R 
preserves products with X, px G £, and i?X w c-compact, then X is c p -compact. 

Remark 2.8. The condition of T C £ implies that JF C and therefore JF = i?£ (cf. 5.13]). 
Its role in the theorem is to ensure that the factorization of a morphism in 21 coincides with its 
factorization in X. 

In order to prove Theorem l2.71 a technical lemma is required. It is an easy consequence of the 
Beck-Chev alley Property (cf. 3.8]), and thus its straightforward proof is omitted: 

Lemma 2.9. Let X\ , X 2 , Y\ , F 2 G X, and let e : X\ — > X 2 and / : Fi — > F 2 Z?e morphisms. Put 
g = ex/: XixFj — > X 2 xF 2 . (jfe G £ (and £ is pullback stable), then for every n G sub(X 2 xF 2 ), 

Tn(^- 1 (n)) = r 1 (^(n))- ' ' □ 

PROOF of Theorem 12.71 Let F G X. We show that ir Y : X x F — > F is c p -preserving. To that 
end, let m G sub(X x F). First, note that 

^((^(lflAf)) = R{7T Y {m)){l RN ), (8) 

where n Y {m): N — > F. Indeed, 7rym = 7ry(m)e, where e G f , so R(7t Y m) = R(n Y (m))Re. 
Thus, 7T i?y (( J Rm)(l i?M )) = i?(7r y m)(l J?M ) = i?(7ry(m))( J Re(l i?M )) = i?(7ry(m))(l iJA r), as 
Re: RM — ► _RX belongs to i?£ = JF and R preserves products with X (so Rtc y = rc RY ). 
By Lemma |2~9"1 Try (p^ 1 xy (n)) = Py 1 {^ry (n)) for every n G sub(i?X x i£F), because p x E £ 
and p Xxy = p x x p Y . Thus, putting n = c R xxry {Rtti) yields: 

^(^xyN) = Kvipx^YicRXxRYiRm))) = py l {-KRY{cRXxRY{Rm))). 

Since i?X is c-compact, one has CRy^^y (k)) = ir RY (c R xxRY(k)) for every k G sub(i?X x RY). 
By letting k = (Riti)(1rm) and then applying p Y l to both sides, one obtains 

P Y 1 {' K RY{cRXxRY{Rm))) = P Y l {cRy{^RY{{Rm){l RM )))) 

- Py 1 (cijy( J R(7ry(m))(l /?A r))) = c Y {-K Y {m)). 

Therefore, c y (7Ty(m)) = n Y (c XxY (m)), as desired. □ 

Corollary 2.10. Suppose that J\f — Ji4 H mor 21 an J ?/za? 21 w £ -reflective in X. Le? c be a closure 
operator of%, and let X G X. If R preserves products with X, then X is c p -compact if and only if 
RX is c-compact. 
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PROOF. Since 21 is £ -reflective in X, the (£, Ji4) -factorization system in X restricts to a proper 
(£<&, M. a) -factorization system in 21, where £•& = £ n mor 21 and M.<& = M. fl mor 21. Because of 
the "orthogonality" relation, M and JF determine each other, and thus J\f = M. % implies T = £%. 
So, the conditions of Theorem 12.71 are fulfilled, and therefore if RX is c-compact, then X is c p - 
compact. On the other hand, by Proposition 12.61 a). if X is c p -compact, then so is R £ X = RX; 
hence, RX is c-compact, as desired. □ 

A combination of Theorem 12 .71 and Propo sition 12 . 61 yields : 

Corollary 2.11. Let c be a closure operator of%. Suppose that T C £ and every object in 21 is 
c-separated. If X G X is so that R preserves products with X, then X is c p -compact if and only if 
Px £ £ and RX is c-compact. □ 

The discrete closure operator s is defined as sa(tti) = m for every m G sub^ A and A G 21. 

Corollary 2.12. Suppose that T C £, and let X G X. If R preserves products with X, then X is 
s p -compact if and only if px G £■ D 



3. APPLICATION I: THE TYCHONOFF FUNCTOR 



Put I for the closed unit interval. For any X G Top (the category of topological spaces and their 
continuous maps), the evaluation map $x : X — > \ c ( x $>, mapping x G X to (f(x))f e c(x,i), is 
continuous. One sets tX = $x(X), and r is called the Tychonoff functor : It is the reflector of 
Tych (the full subcategory formed by the Tychonoff spaces) in Top. 

Put X = Top, 21 = Tych, R = r, and p = 9. The category Top admits a proper (Onto, Embed)- 
factorization system, and the reflection 6 X '■ X — > tX is surjective (by definition) for every 
X G Top. Thus, by putting J\f = Ai<&, we arrive at the setting described in Corollary 12.101 
because £ = Onto is obviously pullback stable. Therefore, for any closure operator c of Tych, if 
r preserves products with X G Top, then X is c 9 -compact if and only if tX is c-compact. Here, 
we are interested in the case where c = K, the Kuratowski-closure. Since the A'-compact spaces 
in Tych are precisely the compact ones (by the classical Kuratowski-Mrowka Theorem, cf. lfT3l 
3.1.16]), the problem of characterizing K e -compact spaces in Top boils down to a question con- 
cerning preservation of products by r. Hence, we use the terminology and the results of T. Ishii, 
who studied very carefully and extensively the Tychonoff functor in [24| and [23], and in ll25ll gave 
a survey of the results concerning it. 

Let X G Top; F C X is a zero-set of X if there exists a continuous map / : X — > I such that 
F = {x G X | f(x) = 0}, and G C X is a cozero-set of X if there exists a continuous map 
g: X — ► I such that G = {x G X \ g(x) > 0}. A subset A of X is r-open if A is a union of 
cozero-sets of X. (The complement of a r-open set is called a r-closed set.) Following T. Ishii, a 
space X is w-compact if for any family {Pa} of T-open subsets of X with the finite intersection 
property, f"| P\ ^ holds; or equivalently, if for any collection {F a } of closed sets of X that is 
closed under finite intersections and such that each F a contains a non-empty cozero-set of X, one 
has f]F a 7^ (cf. ll23l 1.4]). Although rX is compact for every w-compact space X (cf. ll23l 
2.1]), there exists a non-w-compact, regular Hausdorff space X such that rX is compact (cf. |[2"3l 
2.3]). 
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Theorem 3.1. A space X e Top is K -compact if and only if it is w-compact. 

In order to prove Theorem 13.11 we need two results of T. Ishii. Recall that a continuous map 
/ : X — > Y of topological spaces is a Z-map if f(Z) is closed in Y for every zero-set Z of X. 

Fact A. fll23l 2.7], ||25j 3.1 1]) For a space X e Top, the following properties are equivalent: 

(i) X is w-compact; 

(ii) The projection n Y : X x F — > K is a Z-map for every Y E Top. 

Fact B. ([23, 1.5], ll25l 4.1]) For a space X 6 Top, the following statements are equivalent: 

(i) for every iGl there exists a cozero-set W containing x such that W is w-compact; 

(ii) r(X x Y) = t(X) x r(T) for every Y e Top. 

PROOF of Theorem 13.11 Suppose that X is X e -compact, and let Y e Top. In order to show 
that 7Ty : X x Y — > K is a Z-map, let Z C I x F be a zero- set in I x F. In particular, Z 
is X^-closed in X x Y, and thus 7ry(Z) is X^-closed in Y, because X is X^-compact and K e 
idempotent (Proposition 12 .3 1) . Therefore, tty(Z) is closed in Y, which shows that ny is a Z-map. 
This holds for every Y E Top, and hence X is w-compact (FactlAl). 

Conversely, suppose that X is w-compact. Then r preserves products with X (Fact |Bj with 
W = X in (i)). Obviously, £ = Onto is pullback stable, and thus, by Corollary l2~10l X is K e - 
compact if and only if rX is X-compact. The latter is equivalent to rX being compact, by the 
classical Kuratowski-Mrowka Theorem (cf. [ 13, 3.1.16]). Since X is w-compact, rX is compact 
(cf. E31 2.1]), and therefore X is X e -compact. □ 

We note that if r preserves products with X (which can be guaranteed by the condition in 
Fact|B]), then rX being compact implies that X is X^-compact. Therefore, Theorem 13 .11 has the 
following corollary. 

Corollary 3.2. Let X e Top be such that for every x G X there exists a cozero-set W containing 
x such that W is w-compact. Then the following statements are equivalent: 

(i) X is K e -compact; 

(ii) X is w-compact; 

(iii) rX is compact. □ 

4. APPLICATION II: THE BOHR-CLOSURE 

Similarly to the relationship between Top and HComp (compact Hausdorff spaces), the full sub- 
category Grp(HComp) of compact Hausdorff groups is reflective in Grp(Top) (topological groups 
and their continuous homomorphisms). The reflection is called the Bohr-compactification, and is 
denoted by pc '■ G — > bG; pc has a dense image, but it need not be onto. The kernel of pc is 
denoted by n(G) and it is called the von Neumann kernel of G. There are many groups that do 
not admit any non-trivial continuous homomorphism into a compact group at all. Such groups are 
called minimally almost periodic, and their Bohr-compactification is trivial (cf. I121H ). Therefore, 
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one should not expect pc to be an injection. Those groups G for which n(G) = {e} are called 
maximally almost periodic. 

A group G is precompact if for every neighborhood U of e E G, there exists a finite subset 
F C G such that G = FU. It is interesting to note that while topological spaces X whose Stone- 
Cech reflection X — > (3X is an embedding are exactly the Tychonoff spaces, groups G such that 
Pg is an embedding are characterized by being Hausdorff (and thus Tychonoff) and precompact. 

Remark 4.1. It follows from the famous Peter- Weyl Theorem that finite-dimensional irreducible 
unitary representations of a compact Hausdorff group separate its points (cf. ll33l Thm. 33]). Every 
such representation of an abelian group is one dimensional. Thus, for every compact Hausdorff 
abelian group K and k E K such that k ^ 0, there is \ K sucn that x{fy 0> where 
K = Jf?(K, T) is the group of continuous characters of K (i.e., continuous homomorphisms 
X' K — > T, where T = R/Z). If G is an abelian group, then so is its Bohr-compactification 
bG (because Pg(G) is an abelian dense subgroup of bG). Therefore, g E kerpc if an d only if 
x(pc(g)) = for every \ ^ bG. By the universal property of bG, there is a one-to-one correspon- 
dence between G and bG, because T E Grp(HComp) - in other words, G = bG as sets. Hence, if 
G is an abelian group, then 



The Bohr-closure c b of a subgroup S C G is defined as c b (S) = p G 1 (pc(S)). We equip 
Grp(Top) with the (Onto, Embed)-factorization system, while Grp(HComp) is provided with the 
(Onto, CIEmb)-factorization system (CIEmb stands for the closed embeddings). In this setting, it 
follows from Propo sition 12 . 21 that c b is precisely the 6-initial lift s p of the discrete closure operator 
s on Grp(HComp). 

Proposition 4.2. 

(a) c b is idempotent; 

(b) c b is productive; 

(c) G E Grp(Top) is c b -separated if and only if p G is injective (i.e., G is maximally almost peri- 
odic); 

(d) G E Grp(Top) is c b -compact if and only if p G is surjective. 

PROOF, (a) follows from Proposition 12.31 (b) follows from Proposition 12.41 because the Bohr- 
compactification preserves products, and surjective maps in Grp(HComp) are productive, (c) is 
an immediate consequence of Proposition l2.5l because b is productive and the class of monomor- 
phisms coincides with the injective maps in Grp(Top). Finally, (d) is a special case of Corol- 



Let G be a locally compact Hausdorff group. One says that G is central if G/Z[G) is compact 
(cf. llT4l . |[T5lO : G is a Moore group if every irreducible unitary representation of G is finite- 
dimensional (cf. J23, ll36l ). Moore groups are automatically maximally almost periodic, because 
by the Gelfand-Raikov Theorem ( |[T%1 22.12]), irreducible representations of a locally compact 
group separate its points. 




(9) 



X6G 



larv l2~T2l 



□ 
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Theorem 4.3. Let G be a locally compact Hausdorff c b -compact group. 

(a) If G is Moore, then it is compact. 

(b) If G is central, then it is compact. 

(c) If G has nilpotency class < 2, then it is compact. 

(d) The quotient G/[[G, G), G] is compact; in particular, n(G) C [[G, G], G]. 

(e) Every continuous homomorphism a: G — > (R, +) is trivial, and thus G is unimodular. 

PROOF, (a) Hughes |[T9l Theorem 1] & [20, Theorem 1] showed that for a locally compact Haus- 
dorff group G, a subspace K C G is compact if and only if K is compact in G w , the group G 
equipped with the pointwise topology induced by its irreducible unitary representations. Remus 
and Trigos-Arrieta 051 Theorem 1] showed that for Moore groups, G w = po(G). Since G is 
0,-compact, Pg(G) = bG, and therefore G w is compact. Hence, by Hughes' result, G is compact, 
(b) follows from (a), because every central group is Moore (cf. lfT5l Theorem. 2.1]). 

(c) The locally compact abelian group G ab := G/[G, G], being the continuous image of G, 
is Cb-compact. It is also Moore, because every irreducible unitary representation of an abelian 
group is one dimensional. Thus, by (a), G a b is compact. Since G has nilpotency class 2, one has 
[[G, G), G] — 1, and so [G,G] C Z(G). Therefore, G/Z(G) is a quotient of G ab = G/[G,G], and 
hence G is central. The statement now follows by (b). 

(d) follows from (c). 

(e) a factors through G ab , which is compact (by (d)), but the only compact subgroup of R is 
the trivial one. Therefore, a must be trivial. □ 

A group is balanced (or equivalently, admits an invariant basis) if its left and right uniformities 
coincide. A Hausdorff locally compact connected group is balanced if and only if it is central (cf. 
lfT4l Theorem 4.3]), which yields: 

Corollary 4.4. Every Hausdorff locally compact connected balanced c b -compact group is com- 
pact. 

One might hope that (^-compactness "almost" implies compactness, but this is not the case. 
For instance, every minimally almost periodic group has trivial Bohr-compactification, and in par- 
ticular, they are q,-compact. The examples below show that all the conditions in Corollary 14.41 are 
indeed necessary. 

Example 4.5. The special linear group SL 2 (M) is a locally compact, connected, and c b -compact 
group, which is not compact. Indeed, SX 2 (R) has the property that its continuous surjective ho- 
momorphisms are open - in other words, it is totally minimal (cf. ifTOl 7.4], |34|). In particular, 
every image of SX 2 (R) is complete, and thus Q,-compact; in particular, p SL2 ^(SL 2 (K)) is a com- 
plete dense subgroup of fe(SX 2 (R)), and so Psl 2 {R) is onto. Therefore, b(SL 2 (§i)) is a quotient of 
SL 2 (R). The only non-trivial quotient of SL 2 (R) is PSL 2 (K), which is not compact, because the 



matrix A = 




generates a discrete infinite subgroup. Hence, SL 2 (R) is minimally almost 



periodic. 
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Example 4.6. Nienhuys [29| showed that there exists a coarser metrizable group topology T on R 
such that G := (R, T) is minimally almost periodic. Thus, G is cvcompact, and it is also balanced, 
because G is abelian. Therefore, G is a balanced, connected, and c b -compact group, which is not 
compact. 

Van der Waerden proved that every (algebraic) homomorphism from a compact connected 
semisimple Lie group into a compact group is continuous (cf. J38J). Groups K with this property 
satisfy K = b{K d ), where K d is the group K equipped with the discrete topology, and they are 
called van der Waerden groups, or briefly, vdW-groups (cf. |[T6l ). For D = K d , one obtains a 
discrete group that is Cfe-compact. 

Example 4.7. SO^{R) is a vdW-group, so S0 3 (R) d is discrete, infinite, and Q,-compact. Thus, 
SOz(M)d is a balanced, locally compact, and Q,-compact group, which is not compact. 

A closure operator c is hereditary if for every m: M — > A in sub^^l and n: N — > N in 
sub^ N, cm (n) = m -1 (04(72)); c is weakly-hereditary if for every m: M — > A in sub^ A, m is 
c-dense in the domain of c^(m). 

Theorem 4.8. The lift c p need not be weakly-hereditary when c is hereditary, even if 21 is 8- 
reflective in X and T = £ H mor 21. 

PROOF. As we mentioned at the beginning of this section, groups whose Bohr-compactification 
is an embedding are precisely the precompact ones, and for them c b coincides with the Kuratowski 
closure. Hausdorff precompact groups form an On to-reflective subcategory of Grp(Top), and the 
reflection G — ► b + G is given by the image of G in bG. Therefore, q, can also be seen as the 
6 + -initial lift of the hereditary Kuratowski closure operator of the precompact Hausdorff groups. 
Hence, it suffices to show that c& is not weakly-hereditary. 

The Bohr-closure of the trivial subgroup of a topological group G is simply its von Neumann 
kernel, n(G). Had c& been weakly-hereditary, then 

n(n(G)) = (c6)n(G)({e}) = (o,) G ({e}) = n(G) (10) 

would have been true for every topological group G, but this is not the case, as the Example 14.91 
shows. □ 

The example below was suggested by Dikran Dikranjan. 

Example 4.9. For a prime number p ^ 2, let A = Z(p°°), the Priifer group. It can be seen 
as the subgroup of Q/Z generated by the elements of p-power order, or the group formed by all 
p n th roots of unity. Since every proper subgroup of A is finite, if A is equipped with a Hausdorff 
group topology in which it is not minimally almost periodic (in other words, n(A) ^ A), then 
n(A) is a finite subgroup with the discrete topology, and thus n(n(A)) is trivial. Therefore, if r 
is a Hausdorff group topology on A such that (A, r) is neither minimally nor maximally almost 
periodic, then n(n(A, r)) ^ n(A, t). 

Following Zelenyuk and Protasov PH . a sequence {a n } C G in a (discrete) abelian group G 
is said to be a T -sequence if there is a Hausdorff group topology r on A such that a n — —> 0. It 
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follows from the proof of ll40l Theorem 1] that if {a n } is a T-sequence and r is the finest group 
topology such that a n 0, then (G, r) is universal in the following sense: a homomorphism 
cp : G{a n } — > H into a topological group H is continuous if and only if (p(a n ) —> 0. 
Let c n = ± in A, put 

K = ~Cl + C n 3_ n 2-\ hC n 3_ 2rl + C n 3_ n + C n 3 = ~~ + pn 3-n 2 ^ ^ p n^-2n + pn?-n + 

and consider the sequence a n defined as &i, ci, 62, C2, 63, C3, . . .. One can show that {a n } is a T- 
sequence in A; we chose to omit the proof of this statement because of its technical nature and 
length. We set r to be the finest Hausdorff group topology on A such that a n — > in r, and apply 
© from RemarklOlto show that n(A, r) = (-). 

To that end, let x £ (A r); then - *■ 0, and in particular, x( c n) —> 0. By iBUl Example 6] 

and [9, 3.3], x( c n) — > is equivalent to x — m Xi> where m G Z and ^i is the natural embedding 
ofZ(p°°)intoQ/Z C R/Z. It is easily seen that xx{K) = Thus,ifx(&„) -> 0, then -mj = 
in R/Z, and so p | m. On the other hand, it follows from pxi(b n ) — > —p\ = mat PXi( a n) 0, 
so pxi is continuous with respect to r. Therefore, (A, r) = {mxi \ rn G pZ}. Hence, (i) C ker x 
for every % G (A, r). Since kerpxx = (i), this shows that n(A, r) = (-), as desired. 

5. APPLICATION III: THE ^REPRESENTATION TOPOLOGY 

A *-algebra A is an algebra over C with an involution * : A — > A such that (a + \b)* = a* + A6* 
and (a&)* = 6*a* for every a,b E A and A G C. A topological *-algebra is a *-algebra A and a 
topology on A making the operations (addition, multiplication, additive inverse, involution) jointly 
continuous. The category of topological *-algebras and their continuous *-homomorphisms is 
denoted by T*A. A C*-[semi]norm on a *-algebra A is a [semi]norm p that is submultiplicative 
and satisfies the C*-identity - in other words, p(ab) < p(a)p(b) and p(a*a) = p(a) 2 for every 
a,b G A. We put M(A) for the set of continuous C*-seminorms on a topological *-algebra A. For 
every p,q G Af(A), one has max{p, q] G M(A) (max{p, g} is defined pointwise), which turns 
Af(A) into a directed set. 

A C* -algebra is a complete Hausdorff topological algebra whose topology is given by a sin- 
gle C*-norm. The full subcategory of T*A formed by the C*-algebras is denoted by C*A. For 
A G T*A, a ^-representation of A is a continuous * -homomorphism n : A — > B(H) of A into the 
C*-algebra of bounded operators on some Hilbert space H (i.e., a morphism in T*A). The class of 
* -representations of A is denoted by 71(A). 

Let p G ftf(A); kerp = {a G A \ p(a) = 0} is a *-ideal in A, and p induces a C*-norm 
on the quotient A/ kerp, so the completion A p of this quotient with respect to p is a C* -algebra. 
By the celebrated Gelfand-Naimark-Segal theorem, every C*-algebra is ^-isomorphic (and thus 
isometric) to a closed subalgebra of B(H) for a large enough Hilbert space H (cf. ifTTl 2.6.1]). 
Thus, we obtain a * -representation n p : A — > A/kerp — ► A p — ► B(H) such thatp(:r) = ||7r p (a;)||. 
Conversely, each n G 7£(A) gives rise to a C*-seminorm ^(x) = ||7r(x)||. Therefore, the initial 
topology T4 induced by the class 71(A) coincides with the one induces by the family of C*- 
seminorms Af(A). The topology T4 is called the ^-representation topology, and it defines a closure 
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operator c* on subalgebras in T*A. The closure c^({0}) of the trivial subalgebra is a closed *-ideal 
of A; it is called the reducing ideal of A, and denoted by A R (cf. OOl 9.7]). Notice that 

c* A ({0}) = A R = p| kerp= f| kervr, (12) 

peM(A) TTeil(A) 

so Ta is Hausdorff (i.e., A R = 0) if and only if the * -representations of A separate the points of A. 

A topological *-algebra A is said to be a pro-C* -algebra if it is Hausdorff, complete, and its 
topology is generated by a family of C*-seminorms - in other words, the topology of A coincides 
with Ta, it is complete, and A R = 0. One can show that A is a pro-C*-algebra if and only if 
A is the limit in T*A of C* -algebras (cf. E2 1.1.1]). The full subcategory of T*A consisting of 
pro-C* -algebras is denoted by P*A. These algebras were studied under various names (locally 
C*-algebras, LMC*- algebras, etc.) by numerous authors; for instance, in section 3 of lfT2ll . Dubuc 
and Porta essentially characterized commutative pro-C*-algebras (up to a k-ification). Alluding 
only to a few more highlights, we mention the works of Inoue ET1 . Schmiidgen OTll . Phillips iPTll 
& E2, Bhatt and Karia Q, and Inoue and Kiirsten E2|. 



Proposition 5.1. P*A is a reflective subcategory of T*A. 

PROOF. Let A £ T*A. For each p £ M{A), we put A p to be the completion of A/kerp with 
respect to the C*-norm that p induces on it; obviously, A p is a C*-algebra. For every q > p in the 
directed set Af(A), there is a surjective morphism A q — > A p . This defines a functor 

A+:N{A) — >CAcrA (13) 
p i— > A p , (14) 

and so we define the reflector 



PC* (A) = Km A*, (15) 



where the limit is taken in T*A. It follows from the definition that PC* (A) is a pro-C*-algebra. 

To show that PC*(-) : T*A — > P*A is a functor, let <p : A B be a morphism in T*A. Then 
Af((p) : N{B) — > M{A) defined by r i— > rip is an order-preserving map, and ip r : A rip — > B r is a 
natural transformation from AJ\f(y>) to 5*. Thus, there is a morphism lim A*J\f((p) — > limi?*, 
and therefore one sets PC*(ip) = (lim A* — > limA*jV(<^) — > limE*). 

To complete the proof, one defines r/A- A ^ PC* (A) by setting r] A {x) — (x + ker p) P eM(A) ■ 
Obviously, tja is a morphism (because each A — > A p is so), and it is a natural transformation. Let 
x = Op)pgAf(A) e PC*(A), and pickpi, ...,p k e N{A). Then q = max{pi, . . . ,p fe } G A/"(A), 
and A q — > A Pi is surjective. The image of A under the canonical morphism A — > A ? is dense, so 
for every e > 0, there is a £ A such that q(a q — x q ) < e, and thus Pi(a Pi — x Pi ) < e (where a p 
stands for the image of a in A p ). Therefore, the image i]a(A) is dense in PC* (A). If B £ P*A, 
then r/B = id#- Hence, if ip: A — > B is a morphism from A £ T*A into £> £ P*A, then 
(p = t]B^P = PC*(if)r]A- This decomposition is unique, because t]a{A) is dense in PC*(A). □ 
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We turn now to fitting all these into the setting of section |2| Equip X = T*A with the usual 
(Onto, Embed)-factorization system, and provide 21 = P*A with the (Dense, CIEmb)-factorization 
system (Dense and CIEmb stand for the maps with a dense image and closed embeddings, respec- 
tively). The Onto-reflective hull of 21 in X is the category 03 = P*A consisting of the algebras 
A £ T* A such that A R = and T A coincides with the topology of A; the reflector PC* is given by 
A i — > t]a(A), and the reflection a a ■ A — > PC* (A) is the same as i], but with different codomain. 
The category 03 inherits the (Onto, Embed)-factorization system of 21. 

Theorem 5.2. 

(a) c* = K a = K v , in other words, the ^-representation topology is the PC* -initial [PC*-initial] 
lift of the Kuratowski closure K on P*A [P*A]. 

(b) c* is finitely productive. 

(c) An algebra A £ T*A is c* -separated if and only if a a is injective, or equivalently, A R = 0; in 
particular, each algebra in P*A is c* -separated. 

(d) An algebra A £ T*A is c* -compact in T*A if and only if PC* (A) is K -compact in P*A; in this 
case, t/a is surjective. 

PROOF, (a) It follows from the definition that Ta is the initial topology on A induced by the 
family of *-homomorphisms (A — > A p ) pe j^( A ). Equivalently, Ta is the initial topology induced 
by the single *-homomorphism A — ► Y[ A» wnose image is contained in PC* (A) C PC* (A). 

p<=Af{A) 

Therefore, the statement follows from Proposition l2.21 

(b) Since PC*{— ) is additive, it preserves finite products in T*A. Therefore, the statement 
follows from Proposition 12 .41 as K is productive, and surjective morphisms in P*A are productive. 

(c) follows from Proposition 12.51 because PC*{—) preserves finite products, and monomor- 
phism in T*A are injections. 

(d) It would be tempting to apply Theorem l2.7l to 21, but unfortunately, the condition of T C E 
fails: in our case, T = Dense in P*A while 8 = Onto. Instead, we apply Corollary 12.101 to 
B = P*A in order to obtain the first statement, while the second one is a consequence of Proposi- 
tionEHb). □ 

To conclude, we investigate the class of topological *-algebras whose * -representation topol- 
ogy is generated by a single continuous seminorm. As the next lemma (which is modeled on OOl 
10.1.7]) reveals, these are precisely the algebras for which PC* (A) is a C*-algebra. 

Lemma 5.3. Let A £ T*A. The following statements are equivalent: 

(i) For every x £ A, 

7(x) = sup{p(x) I p £ Af(A)} = {\\ir(x)\\ | n £ K(A)} < 00, (16) 

and 7 is continuous on A; 

(ii) M{A) has a largest element; 

(iii) PC* (A) is a C* -algebra; 

(iv) Ta is defined by a single continuous linear space seminorm on A. 
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Remark 5.4. The seminorm in (iv) is not assumed a priori to be submultiplicative or a C*- 
seminorm. 

PROOF, (i) =>- (ii) Since each p E M(A) is a C*-seminorms, so is 7, which (being continuous) 
belongs to M(A). Thus, 7 is the largest element of M(A). 

(ii) =^> (iii) Let r £ jV(A) be the largest element. Then A r is a C*-algebra, and for each 
p E Sf(A) there is a morphism A r — > A v . Thus, PC*(A) = lim A* = A r is a C*-algebra. 

(iii) =>• (iv) Let || • || be the norm of the C*-algebra PC* (A). It is certainly a C*-seminorm on 
A, and by definition, it defines T4. In particular, || • || is continuous. 

(iv) =>- (i) Let cr be a seminorm that defines T4. Since multiplication is jointly continuous 
in PC* (A) (which carries the quotient topology Ta/A r ), there is a constant B > such that 
a(xy) < Ba(x)a(y) for every x,y £ A. Thus, by replacing a with Bcr if necessary, we may 
assume that B = 1 and a is submultiplicative. Let 7r: A — > -B(-ff) £ 7£(A). Pick a E A. Since 

is a C*-algebra, 

||7r(a)|| 2 =||7r(a*o)|| = r B( m(7r(o*a)) = hm || (vr(a*a)) n || «. (17) 

n— too 

By the continuity of ix with respect to T4, there is a constant CV such that ||vr(x)|| < C w a(x) for 
every x E A, so 

||(7r(a*a)) n ||^ < ^((a'a)")" < ^(«*a)' (18) 

Therefore, 

||7r(a)|| 2 = lim ||(7r(o*a)) n || » < lim y^a(a*a) = 0(0*0) < Da(a) 2 , (19) 

n — too n — too 

where D is a constant such that a(x*) < Aa(x) for every x E A. Hence, 7(a) < VDa(a), which 
proves the second statement too, because a is assumed to be continuous on A. □ 

Palmer OOl 10.1] investigated discrete *-algebras that satisfied the equivalent conditions of 
Lemma 1531 and named them G* -algebras. Thus, we extend this terminology to topological *- 
algebras too, and denote by G*A the full subcategory of T*A formed by the (generalized) G*- 
algebras. For A E G*A, we put C*(A) for PC*(A), and call it the enveloping C*-algebra of A. 
The next Proposition is a consequence of Proposition 15 . 1 1 and Lemma 1531 its restricted version, 
for discrete G*-algebras, appears in OOl 10.1.11]. 

Proposition 5.5. The category C*A is a full reflective subcategory ofG*A, and its reflector is given 
by A 1 — >C*(A). □ 

We once again return to the setting of section |2j Equip X = G*A with the (Onto, Embed)- 
factorization system, and provide 21 = C*A with the (Onto, I nj) -factorization system (Inj stands for 
injections). Notice that every injection of C*-algebras is actually an embedding (cf. ifTTl 1.8.1]), 
so the Kuratowski closure on C*-subalgebras of C*-algebras is just the discrete closure s. (This is 
not too surprising, though, because van Osdol [39 1 showed that the category of unital C*-algebras 
and their unital *-homomorphisms is monadic over Set.) Therefore, by Corollary 12 .121 we get: 

Theorem 5.6. An algebra A E G*A is c* -compact if and only if a a '■ A — ► C*(A) is surjective. □ 
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